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Symmetric teleparallel gravity (STG) offers an interesting avenue to formulate a theory of gravi-
tation that relies neither on curvature nor torsion but only on non-metricity Q. Given the growing
number of confirmed observations of gravitational waves (GWs) and their use to explore gravita-
tional theories, in this work we investigate the GWs in various extensions of STG, focusing on their
speed and polarization. We explore the plethora of theories that this new framework opens up, that
is, as general relativity (GR) can be modified, so to can the symmetric teleparallel equivalent of
general relativity (STEGR). In this work, we investigate the fate of GWs in the generalized irre-
ducible decomposition of STEGR, generalizations of the STEGR Lagrangian, f(Q), a scalar field
nonminimally coupled to the STEGR Lagrangian, and the general setup of f(Q,B) theory where
B is the boundary term difference between the Ricci scalar and the STEGR Lagrangian. Coinci-
dentally, f(Q,B) forms a more general theory than f(R) gravity since Q embodies the second order
elements of the Ricci scalar while B takes on it’s fourth order boundary terms. Our work deals
mainly with the resulting scalar-vector-tensor polarization modes of the plethora of STG theories,
and how they effect their respective speeds of propagation.
PACS numbers: 04.50.Kd, 04.30.w, 98.80.-k
I. INTRODUCTION
To adequately describe the late-time behavior of the
Universe and the behavior of galactic dynamics, on top of
Einstein’s theory of general relativity (GR) [1] one neces-
sitates the introduction of the so-called dark matter and
dark energy sectors [2], resulting to the ΛCDM paradigm.
This stems from the fact that the Universe is observed to
be accelerating in its expansion [3, 4] and that galaxies
do not contain enough matter to sustain their measured
rotational curves [5]. While recent Planck Collaboration
results shows mild tension in this picture of the Universe
[6], the theory hits its breaking point when the early Uni-
verse is investigated. This regime of exploration has led
to the suggestion of a scalar field to explain the epoch
of inflation [7, 8] which may solve some other problems
too [9]. Given the large body of research investigating
new physics at early-times, we are motivated to explore
alternative theories of gravity in other regimes, namely
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in the strong field regime where gravitational wave (GW)
radiation is emitted.
Modifications to GR mainly come in the form of ex-
tensions to the Einstein-Hilbert action, namely raising
the Ricci scalar R to an arbitrary function Lagrangian
f(R) [10], where R is determined using the Levi-Civita
connection (this character style is used throughout to de-
note those quantities calculated using the the Levi-Civita
connection). Extended models of gravity [11] also include
other scalar invariants that contribute to the Lagrangian,
such as the Gauss-Bonnet term in f(R,G) gravity [12, 13]
and may even include a nonminimal coupling with the
trace of the stress-energy tensor through f(R, T ) gravity
[14–16]. While many potential extensions to GR exist,
alternatives to GR are more difficult to be constructed
and require more intense exploration due to their fun-
damental reconstitution of basic tenants. An interest-
ing class of alternative theories of gravity comes with
the use of torsion instead of curvature, i.e start from
the teleparallel equivalent of general relativity [17] and
construct modifications like f(T ) gravity [18], f(T, TG)
gravity [19, 20], f(T, T ) gravity [21] etc. Some other ex-
amples include massive gravity where gravitational waves
(GWs) are endowed with a nonvanishing effective mass
[22], while Horˇava-Lifshitz gravity reexamines the rela-
tion between space and time in the quantum regime [23].
2As a shared goal, all these modifications aim to confront
observations at all scalaes better than ΛCDM [24, 25].
Symmetric teleparallel gravity (STG) is an interesting
theory in that it can describe gravitation while retain-
ing a vanishing contribution of both curvature and tor-
sion, which geometrically implies that vectors do remain
parallel at long distances on a manifold [26]. In this sce-
nario, gravity is manifested through a nonmetricity scalar
Q that gives a measure of the amount of nonmetricity
present given a particular metric tensor solution which is
analogous to the Ricci scalar in GR [27–29]. In terms of
the affine connection of the general frames, by demand-
ing that the curvature vanishes and that the connection is
torsionless (symmetric indices) then the remaining gravi-
tational information will be encoded in nonmetricity con-
tributions [30]. The latter assumption of vanishing tor-
sion can also lead to its own version of gravitation. In
STG the metricity condition of GR is relaxed resulting in
the symmetric teleparallel gravity equivalent of general
relativity (STEGR), which is analogous to the procedure
where the vanishing torsion condition leads directly to
the teleparallel equivalent of general relativity (TEGR)
scalar [18]. Teleparallel gravity and STG share a num-
ber of important properties, one of which is their ability
to separate gravitational and inertial effects [33] which is
not possible in GR. This has resulted in many strains on
GR theory such as the issue of defining a gravitational
energy-momentum tensor [31]. STG can also be shown
to be consistent with a connection that simplifies to a
partial derivative through the so-called coincident gauge
[27, 32].
By construction, the nonmetricity scalar, Q, is equiv-
alent to the Ricci scalar up to a boundary term in the
Lagrangian [34]. This takes the form of
R = Q−B, (1)
where B is the boundary term. This means that such
a Lagrangian would agree with GR at the level of field
equations at all levels of the classical regime, and so pro-
duce no measurable differences [32]. As with the f(R)
extensions [10], one can construct a plethora of extended
STG theories. On the face of it, the relation in Eq.(1 can
be interpreted as a breakdown of the Ricci scalar into
second order contributions and its boundary contribu-
tion made by fourth-order parts. In this way, even f(R)
theory can be made richer by raising it to the broader
class of f(Q,B) theories, where both class of contribu-
tions can be fixed independently.
Straightforward modifications of the STEGR La-
grangian gives directly f(Q) gravity, which has the ad-
vantageous property that the field equations remain sec-
ond order irrespective of the particular Lagrangian func-
tion. This is in contrast to f(R) gravity scenario [32]
where all nontrivial models lead to fourth order field
equation. The result of this observation is that despite
the linear cases being equal up to a boundary term (as
shown in (1)), the general scenarios of arbitrary func-
tions are not equivalent. This inequality stems from the
boundary term which no longer remains linear (i.e. a
boundary term) in the generalized case, namely
f(R) 6= f(Q). (2)
These theories are only equal when the argument of the
arbitrary Lagrangian takes on the exact form f(Q,B) =
f(Q−B) = f(R), where the STG Lagrangian is comple-
mented by a boundary term argument as well.
In curvature based gravity theory it is well-known that
one can add a scalar field nonminimally coupled to the
Ricci scalarR) [35–37], and similarly in teleparallel grav-
ity one can add a scalar field nonminimally coupled to the
torsion scalar T [38–40]. In Ref.[32], the possibility of
nonminimally coupled general function of the nonmetric-
ity scalar is considered with interesting results. However,
not much work has been done on other scalar invariant
generalizations such as Gauss-Bonnet extensions. The
possibility of a scalar field coupled to STG has been ex-
plored in a number of recent works [34, 41] where the
nonminimal coupling case was investigated. This is an
interesting possibility for the extended f(Q,B) context
due to the separation between second and fourth order
contributions.
STG also offers another interesting way to investigate
gravitational models, since the nonmetricity scalar equiv-
alent of GR can be separated into five irreducible com-
ponents [27, 42]. These irreducibles can then be general-
ized linearly to form a completely new avenue for grav-
itational modification. While the f(Q,B) scenario has
a clear f(R) limit, the generalized irreducible context is
only fixed by the GR scenario, since the boundary term
is not necessarily included in that form of the theory.
On the other hand, observations of gravitational radi-
ation have confirmed not only the existence of GWs as
the mediator of gravitational information [43] but also
opened the possibility of setting bounds on the possi-
ble polarization modes that a GW event would propa-
gate [44]. This is a crucial component to testing gravi-
tational models due to its inherently model-independent
nature. Beyond this comparison, source modeling tech-
niques would necessarily have to be employed [45].
In Ref.[49], GWs polarization modes are investigated
for the general linear case of nonmetricity scalar irre-
ducible components, using the Newman-Penrose formal-
ism. In this work, the foundations of exploring polariza-
tion modes in STG have been laid. In the current work,
we are interested in extending this work to further ex-
tensions and scenarios that have appeared in the STG
literature and which show promise in terms of realistic
theories of gravity [50].
The paper is divided as follows. In section II the foun-
dations of STG are introduced, with some discussion on
its relation to GR. Section III then delves into the poten-
tial polarizations of GWs in the generalized GR equiv-
alent, that is f(Q) gravity. The possibility of nonmin-
imally coupled scalar fields is advanced in section IV.
Section V extends the generalized scenario to the f(Q,B)
theory, where we can compare the results of GWs with
3f(R) gravity for the choice of f(Q,B) = f(Q − B). Fi-
nally the main conclusions are discussed and summarized
in section VI. Throughout the work, geometric units are
used unless otherwise stated.
II. SYMMETRIC TELEPARALLEL GRAVITY
(STG)
In this section we present STG from its foundations.
We start by remarking that the mechanism by which
gravity is mediated is an expression of the affine connec-
tion and not the physical manifold [51–53]. For instance,
in GR, the property of curvature emerges through the
Levi-Civita connection and not the manifold which is de-
scribed through the metric tensor, and thus the connec-
tion can be equally described by other properties such as
nonmetricity. By the strong equivalence principle [52],
every point on the manifold has a well-defined tangent
space, where the connection acts as an intermediary be-
tween neighboring tangent spaces so that derivative oper-
ators can be defined. This implies that the decomposition
of a general affine connection can be written as [53]
Γαµν = Γ˚
α
µν +K
α
µν + L
α
µν , (3)
where Γ˚αµν is the Christoffel symbols of the Levi-Civita
connection, Kαµν is the contorsion tension representing
the difference between the Christoffel symbols and the
teleparallel connection (i.e. the the Weitzenbo¨ck connec-
tion), and Lαµν is the disformation tensor which encodes
the nonmetricity contribution due to the nonmetricity
tensor [26]
Qαµν := ∇αgµν . (4)
The disformation takes the explicit form of [27]
Lαµν =
1
2
gαβ (−Qµβν −Qνβµ +Qβµν) . (5)
The Einstein-Hilbert Lagrangian can equivalently be
written as [32]
R = LE + LB, (6)
where LE represents Einstein’s original Lagrangian from
the Levi-Civita connection [32, 54]
LE := gµν
(
Γ˚αβµΓ˚
β
να − Γ˚αβαΓ˚βµν
)
, (7)
and the total derivative (or boundary term) is given by
LB = gαµDαΓ˚νµν − gµνDαΓ˚αµν , (8)
whereDα represents the covariant derivative with respect
to the Levi-Civita connection. This higher derivative
version of the equivalent Lagrangian LE is ubiquitously
adopted due to its covariance, while LE alone is not co-
variant within the Levi-Civita connection setting. STG
approaches this issue by promoting the partial deriva-
tive to a covariant operator, called the coincident gauge,
where gravitation is no longer mediated through the con-
nection (called the “Palatini connection”) [33]. The dis-
formation then takes the form
Lαβγ = −
1
2
gαλ (∇γgβλ +∇βgλγ −∇λgβγ) . (9)
By the coincident gauge (∇α → ∂α), the disformation is
essentially the negative of the Christoffel symbols. The
GR equivalent Lagrangian then turns out to simply be
[32]
Q = −gµν
(
LαβµL
β
να − LαβαLβµν
)
, (10)
which is simply the negative sign of LE , and can equiva-
lently be interpreted in terms of the Christoffel symbols
due to Eq.(9). This produces the exact same relations
as the Einstein field equations at the level of the field
equations.
In order to consider generalizations of the GR formal-
ism in the STG context we consider the general action
[33]
SG =
∫
d4x
[√−gf + λ βµνα Rαβµν + λ µνα Tαµν] , (11)
where the Lagrangian assumes a Palatini approach with
f = f(gµν ,Γ
α
µν), and Lagrange multipliers, λ
βµν
α and
λ µνα , are used to eliminate the curvature-full Riemann
tensor and torsion-full torsion tensor.
Straightforwardly, a conjugate to the Lagrangian can
be defined as [27]
Pαµν :=
1
2
∂f
∂Q µνα
, (12)
which yields the metric tensor field equations
2√−g∇α
(√−gPαµν)− ∂f∂gµν − 12fgµν = Tµν , (13)
where
Tµν := − 2√−g
δ(
√−gLm)
δgµν
, (14)
is the regular energy-momentum tensor for matter. Sec-
ondly, the action can also be varied with respect to the
connection since the Palatini approach is being adopted
here which results in [42]
∇ρλ νµρα + λ µνα =
√−gPµνα +H µνα , (15)
where
H µνα := −
1
2
δ(
√−gLm)
δΓαµν
, (16)
is the hypermomentum. The Lagrange multipliers can
be eliminated through symmetry considerations to give
the relation [42]
∇µ∇ν
(√−gPµνα) = 0, (17)
4which can be interpreted as the connection field equations
that is trivially solved by the coincident gauge choice.
Here it is assumed that ∇µ∇νH µνα vanishes.
III. GRAVITATIONAL WAVES IN
EXTENSIONS OF STG
In this section we investigate GWs in two extensions
of STG, namely the perturbed versions of the general-
ized irreducible decomposition of the STG which emerges
from nonmetricity scalar Q, as well as the other natural
generalization of the theory, namely f(Q) gravity.
A. GWs in the generalized irreducible
decomposition of STG
The most general quadratic scalar built form irre-
ducible components of the nonmetricity tensor is given
by
Q := c1QαµνQ
αµν + c2QαµνQ
µαν + c3QαQ
α
+ c4Q¯αQ¯
α + c5Q¯αQ
α, (18)
where c1, .., c5 are arbitrary constants. Note that this is
quadratic at the level of the Lagrangian, and does not
refer to the order of the resulting theory which can be
generalized to f(Q) and still kept at second order. To
reproduce the STG equivalent of GR, i.e. the so-called
STEGR, a unique choice of these parameters must be
considered, and it turns out to be
Q :=
1
4
QαµνQ
αµν − 1
2
QαµνQ
µαν − 1
4
QαQ
α +
1
2
Q¯αQ
α,
(19)
which can be shown to be equal to Eq.(10) [27]. This
formulation of the theory is not possible in GR and can
offer an interesting perspective on generalizing the STG
equivalent of GR.
To derive the field equations for this Lagrangian we
first need to determine the conjugate to the Lagrangian,
which reads as
Pαµν =
1
2
[
c1Q
α
µν + c2Q(µ
α
ν) + c3gµνQ
α
c4δ
α
(µQ˜ν) +
c5
2
(
Q˜αgµν + δ
α
(µQν)
)]
. (20)
For convenience, we define the tensor quantity [42, 50]
qµν := 2
∂
√−gf
∂gµν
−√−gfgµν
=
√−g
[
c1
(
QαβµQ
αβ
ν −QµαβQ αβν
)
+ c2QαβµQ
βα
ν + c3
(
2QαQ
α
µν −QµQν
)
+ c4Q˜µQ˜ν + c5Q˜αQ
α
µν
]
, (21)
with the help of which the field equations take the elegant
form
4∇α
(√−gPαµν)− qµν −√−gfgµν = Tµν , (22)
where vacuum background is already assumed. For our
purposes we take the general irreducible decomposition
of the nonmetricity scalar, that is f(gµν ,Γ
α
µν) = Q.
We proceed, by perturbing the metric tensor in a
Minkowski background setting up to first order so that
gµν = ηµν + ǫ1hµν , (23)
where ηµν is the Minkowski metric, ǫ1 is a first-order
parameter, and hµν is the perturbation of gµν namely
hµν := δgµν . In general, we can perturb any metric-
dependent quantity A (g) up to first order through
A (ηµν + ǫ1hµν) = A (ηµν) + ǫ1δA (ηµν , hµν) . (24)
A subcase of the nonmetricity covariant derivative is the
usual partial derivative in the coincident gauge. We will
use interchangeably the notation A(1) = δA to indicate
the first order perturbation of a quantity A. We use this
method to find the first order part of the field equations
Eq.(22)
4∇αδ
[(√−gPαµν)]− δqµν − δ (LQgµν) = δTµν . (25)
One would start by calculating all the relevant quan-
tities, δ
(√−gPαµν), δ (LQgµν) and δqµν , in the coinci-
dent gauge. However, it turns out the only nonvanishing
quantity at first order is δ
(√−gPαµν), which is not un-
expected since the other quantities are third order in the
metric. This gives
δ
(√−gPαµν) = c1∂αhµν + 12c2(∂µhαν + ∂νhαµ)
+ c3ηµν∂
αh
+ 14c4(2δ
α
ν∂α1hµ
α1 + 2δαµ∂α1hν
α1)
+ 14c5(2ηµν∂α1h
αα1 + δαν∂µh+ δ
α
µ∂νh),
(26)
and substituting Eq.26 back to Eq.25, the linearised field
equations read as
δTµν = c1hµν
+ 12 (c2 + c4) (∂α∂µhν
α + ∂α∂νhµ
α)
+ c3ηµν∂α1∂
α1h
+ 12c5(ηµν∂α1∂αh
αα1 + ∂ν∂µh). (27)
5Let us stress at this point that in order to study the
above linearized field equations, we no longer have the
usual diffeomorphism invariance which would have al-
lowed us to use the traceless transverse gauge or any
gauge that is sourced from a coordinate change. This is
due to the fact that we have already fixed a specific co-
ordinate frame in which our connection trivializes to the
coincident gauge. Therefore to further study Eq.(27),
we need to proceed in the most general way possible by
performing the full scalar-vector-tensor (SVT) decompo-
sition (for details see on this approach in appendix A).
Inserting Eq.(A2) into Eq.(27) and then Fourier trans-
forming the space part of the perturbation through
hµν(x
i, t) → Re
(
hµν(t)e
ikix
i
)
we obtain the following
field equations for the scalar perturbations
δT 00 =− 2(6c3 + c5)k2ψ − 6(2c3 + c5)ψ¨ (28)
+ 4(c1 + c3)k
2ϕ+ 4(c1 + c2 + c3 + c4 + c5)ϕ¨
− (2c3 + c5)k4E − (2c3 + c5)k2E¨
− 2(c2 + c4 + c5)k2B˙,
−i ki
k2
δT 0i =(2c1 + c2 + c4)(k
2B + B¨) (29)
+ (c2 + c4 + c5)(k
2E˙ − 2ϕ˙)
+ 2(c2 + c4 + 3c5)ψ˙,
δijδT
ij =12(c1 + 3c3)ψ¨ (30)
+ 4(3c1 + c2 + 9c3 + c4 + 3c5)k
2ψ
− 6(2c3 + c5)ϕ¨− 2(6c3 + c5)k2ϕ
+ 2(c1 + c2 + 3c3 + c4 + 2c5)k
4E
+ 2(c1 + 3c3)k
2E¨ + 2(c2 + c4 + 3c5)k
2B˙,
σ =2(c2 + c4)B˙ − 2c5ϕ+
(
4(c2 + c4) + 6c5
)
ψ (31)
+
(
2(c1 + c2 + c4) + c5
)
k2E + 2c1E¨,
where σ is a scalar that generates a part of the anisotropic
tensor defined by δT µν .
From the scalar perturbation equations, one can cal-
culate the dispersion relation for the scalar modes
by Fourier transforming the time derivatives A(t) →
Re
(
Ae−iωt
)
and then evaluating the equations in vac-
uum, which results in
c1κ1κ2(k
2 − ω2)4 = 0, (32)
where
κ1 := 2c1 + c2 + c4, (33)
and
κ2 := 4c
2
1+12c3(c2+c4)−3c25+4c1(c2+4c3+c4+c5). (34)
The scalar perturbation equations and the dispersion
relation are in agreement with the results of Ref.[42].
The physical consequence of Eq.(32) is that all the scalar
modes propagate with the speed of light, i.e. on the null
cone. Also, note that kµkµ = k
2 − ω2 is the norm of the
wave vector related to the scalar perturbation hSµν of the
metric which emerges by Fourier transforming through
hSµν(x, t) → hSµνeikµx
µ
. Therefore, if the norm of kµ is
null, then this just means that the spacetime wave vec-
tor kµ is also null i.e it lies on the null cone and all of the
above relations are equivalent to saying that the scalar
modes of the gravitational wave propagate at the speed
of light.
In a similar fashion, we find the field equations de-
scribing vector-tensor perturbations by inserting hµν →
(hVµν + h
T
µν) into Eq.(27)
δT 0j =(2c1 + c2 + c4)B¨
j + 2c1k
2Bj (35)
+ (c2 + c4)k
2E˙j ,
δT ij =− 4c1(E¨ij + k2Eij) (36)
− 2i((c2 + c4)B˙(ikj)
− 4ic1E¨(ikj) − 2i(2c1 + c2 + c4)k2E(ikj).
We now let the energy-momentum tensor vanish since
out interest is in determining the dispersion relation for
the GW modes in vacuum. Following the same method
described for the scalar perturbations, we found the dis-
persion relations for the vector modes to be
c1κ1(k
2 − ω2) = 0, (37)
and for the tensor modes
c1(k
2 − ω2) = 0, (38)
where again both of these modes propagate in the speed
of light.
Notice that in every dispersion relation the coefficient
c1 appears explicitly as a multiplying factor which is a
result of c1 being coupled to the wave operator in Eq.(27).
Hence, all of the modes propagate with the speed of light,
which means that the E(2) framework can be employed
to further classify the polarization modes [46, 47]. Our
analysis is also in agreement with Ref.[49] where another
version of the SVT decomposition was employed, and the
E(2) framework used to perform the classification of the
polarizations modes for this class of theories. The full
polarization modes are classified in that work.
B. GWs in f(Q) gravity
The other natural generalization of the STEGR scalar
is to raise the Lagrangian to an arbitrary function. This
6is analogous to the f(R) gravity paradigm. Saying that,
this is distinct in that the resulting field equations remain
second order, meaning that f(Q) 6= f(R). This happens
due to the contribution of the boundary term in Eq.(1)
which renders f(Q) gravity as a genuinely distinct theory.
Using Eq.(13) we can write the field equations as
f ′(Q)
[
2 (∇α√−gPαµν)√−g + PµαβQν
αβ − 2QαβµPαβν
]
− 1
2
gµνf(Q) + 2P
α
µν∂α(f
′(Q)) = Tµν , (39)
where f ′(Q) := df/dQ. We can rewrite (39) to be rep-
resented by the Einstein tensor Gµν as determined using
the Levi-Civita connection, obtaining
1
2
gµν [−f(Q) + f ′(Q)Q] + f ′(Q)Gµν + 2Pαµν∇αf ′(Q)
= Tµν . (40)
Following the same procedure as in the irreducible de-
composition, we perturb the metric up to first order using
(23) and determine the field equations in Eq.(40) which
result in
ηµνf(0) = 0, (41)
G(1)µν f ′(0)−
1
2
hµνf(0) = 0. (42)
These are the zeroth and first order perturbation equa-
tions which yield a vanishing cosmological constant, i.e
f(0) = 0 and
G(1)µν f ′(0) = 0, (43)
respectively. These equations are completely equivalent
to GR in the first order perturbation regime, for the non-
trivial case f ′(0) 6= 0. This again implies that we acquire
the same speed and polarizations of waves as in GR. Note
that if one starts from f(Q), i.e using the modified version
of the generalized non-metricity scalar of (18), the same
result as in (43) is obtained when the appropriate choices
for STEGR are chosen.
The behaviour of Eqs.(41,42) is identical to the case
of f(T ) gravity [55, 56]. The significance of this result
is that the general class of f(Q) theories passes the po-
larization constraints of the LIGO-Virgo observation of
a binary black hole coalescence [44].
IV. GRAVITATIONAL WAVES IN THEORIES
WITH SCALAR FIELD COUPLING TO f(Q)
GRAVITY
In this section, we investigate the GWs which arise in
the extended theory where a scalar field φ is nonmin-
imally coupled to the nonmetricity scalar Q, together
with the presence of a coupled kinetic energy and poten-
tial. The study of GWs in the context of scalar-tensor
theories has been investigated in various works, for in-
stance in the nonminimal coupling to torsion scalar and
boundary term [57], in scalar-tensor equivalent of f(R)
gravity [58, 59], in Horndeski theory [60] and in GR cou-
plings [61] as well as Horˇava gravity [62] and generalized
TeVeS theory [63, 64]. In most works, a linearized grav-
ity approach is considered to examine the properties of
the GWs arising from the theory. Hence, the approach
considers metric perturbations around a Minkowski back-
ground as
gµν = ηµν + hµν + . . . , (44)
where |hµν | ≪ 1, which represents the first-order cor-
rection to the metric as in Eq.(23). For the scalar field,
a perturbative approximation is considered which takes
the form
φ = φ0(xµ) + δφ(xµ) + . . . , (45)
where |δφ(xµ)| ≪ 1 and likewise it represents a first-
order perturbation. We mention that in this work we
allow the background scalar field to be space and time
dependent and not necessarily constant. This will allow
for a broader analysis of the resulting perturbed equa-
tions of motion comparing to the literature.
The gravitational Lagrangian that we study in this sec-
tion is the one considered in [41]
Lg = A(φ)Q − B(φ)gαβ∂αφ∂βφ− 2V(φ), (46)
where A, B represent the coupling strengths to the non-
metricity scalar and kinetic energy of the scalar field re-
spectively, and V(φ) is the potential energy of the scalar
field. In the absence of matter fields the gravitational
field equations and the scalar-field equation are respec-
tively found to be
0 = AGµν + 2Pαµν∂αA+
1
2
gµν
(Bgαβ∂αφ∂βφ+ 2V)
− B∂µφ∂νφ, (47)
0 = 2BDαDαφ+ Bφgαβ∂αφ∂βφ+AφQ− 2Vφ, (48)
where a subscript wrt the scalar field represents a deriva-
tive, i.e. Bφ = dB/dφ.
The next step is to consider perturbations over the
equations and solve them order by order. We start with
the zeroth order perturbation of Eq.(47), which yields
0 =
1
2
ηµν
(
B(0)ηαβ∂αφ0∂βφ0 + 2V(0)
)
− B(0)∂µφ0∂νφ0,
(49)
where superscript bracketed numerals again refer to the
order of the perturbation of the quantity. This leads to
a system of 10 equations that yield a set of constraints
on the potential Lagrangians. The first is that V(0) = 0.
Then, one of the following scenarios must hold:
1. B(0) = 0;
2. B(0) = 0 and φ0 = φ0(xµ) for some µ;
73. φ0 = const.
Using these conditions, the first-order equation in Eq.(47)
simplifies to
0 = 2∂α
(
A(0)Pα(1)
µν
)
+
1
2
ηµν
[
B(1) ηαβ∂αφ0∂βφ0 + 2V(1)
]
− B(1) ∂µφ0∂νφ0. (50)
On the other hand, the zeroth and first order of the
scalar field equation in Eq.(48) result into the following
linearized equations
0 = B(0)φ ηµν∂µφ0∂νφ0 − 2V(0)φ , (51)
0 = 2B(0)δφ+ 2B(1)φ0 + 2B(0)φ ηµν∂µφ0∂νδφ
− B(0)φ hµν∂µφ0∂νφ0 + B(1)φ ηµν∂µφ0∂νφ0 − 2V(1)φ ,
(52)
where  := ηµν∂µ∂ν is d’Alembert’s operator. We now
investigate the three cases separately.
A. B(0) = 0
For the first case, Eqs.(50,51,52) become
0 = 2∂α
(
A(0)Pα(1)
µν
)
+
1
2
ηµν
[
B(1) ηαβ∂αφ0∂βφ0 + 2V(1)
]
− B(1) ∂µφ0∂νφ0, (53)
0 = B(0)φ ηµν∂µφ0∂νφ0 − 2V(0)φ , (54)
0 = 2B(1)φ0 + 2B(0)φ ηµν∂µφ0∂νδφ− B(0)φ hµν∂µφ0∂νφ0
+ B(1)φ ηµν∂µφ0∂νφ0 − 2V(1)φ . (55)
For this case, not much can be done with the field equa-
tions, in order to examine the behaviour of the perturba-
tions due to the complexity of the system. Nevertheless,
results can be obtained within certain considerations.
If we assume that B is Taylor expandable around some
value φ = φ⋆, then B(φ) =
∞∑
n=0
B(n)(φ⋆)
n! (φ− φ⋆)n. Since
B(0) = 0, this leaves two possibilities, (i) B(n)(φ⋆) = 0
for every n, which implies B(φ) = 0 (in other words, ab-
sent from the Lagrangian), or (ii) φ0 achieves a constant
(real or complex) value in terms of the Taylor coefficients
and φ⋆. The latter case is not of interest here since the
constant case is investigated separately, and hence we
investigate only the former case.
The scalar zeroth and first order equations in Eq.(54)
and Eq.(55) result in the conditions V(0)φ = V(0)φφ = 0. On
the other hand, the first-order field equation in Eq.(53)
reduces to
0 = ∂α
(
A(0)Pα(1)
µν
)
. (56)
Solving the partial differential equation for the pertur-
bations hµν in general is not possible here unless prior
knowledge of A(0) and φ0 are known. However, one can
make note of the following. The coupling term A repre-
sents the coupling strength to STEGR. In most cases we
are interested in coupling strengths which deviate slightly
from STEGR, and hence one can assume the form of A
to be
A(φ) = 1 + ǫ2A¯(φ) +O
(
ǫ22
)
, (57)
where ǫ2 is some small parameter (i.e. |ǫ2| ≪ 1) and A¯
is a function of φ. In this way, the zeroth-order pertur-
bation takes the form
A(0) = 1+ ǫ2A¯(0) +O
(
ǫ22
)
, (58)
where A¯(0) = A¯(φ0). Thus, instead of solving Eq.(56)
in general, the equation is solved perturbatively order by
order in terms of ǫ2. This can be achieved by taking a
perturbative solution for hµν in the form
hµν = h
STEGR
µν + ǫ2h¯µν +O(ǫ22). (59)
Here, the STEGR superscript denotes the absence of the
A coupling while the bar denotes the first order contri-
bution of the latter, which notation will be assumed in
the remainder of this section. Since P
α(1)
µν
is explicitly
dependent on hµν , this leads to a similar order expansion
of the form
P
α(1)
µν
= Pα(1)STEGRµν + ǫ2P¯
α(1)
µν
+O(ǫ22), (60)
where it can be shown that P
α(1)STEGR
µν =
P
α(1)
µν
|hµν→hSTEGRµν and P¯
α(1)
µν
= P
α(1)
µν
|hµν→h¯µν .
Therefore, expanding Eq.(56) order by order yields the
iterative system of equations
0 = ∂αP
α(1)STEGR
µν , (61)
0 = ∂α
(
P¯
α(1)
µν
+ A¯(0)Pα(1)STEGRµν
)
= ∂αP¯
α(1)
µν
+ Pα(1)STEGRµν ∂αA¯(0), (62)
where in Eq.(62) we used Eq.(61). One can easily ob-
serve that the solution for Eq.(61) yields the standard
STEGR GW solution, while from Eq.(62) the first-order
correction h¯µν depends on the STEGR solution and the
scalar field coupling which together act as a source term.
Hence, the choice of the coupling strength is important
as it affects the corrections to the standard STEGR GW
modes. Furthermore, it is necessary for the scalar field to
be strictly non-constant, otherwise the modes reduce to
those of STEGR (since A¯(0) would become constant and
hence the source term would become zero) as expected.
8B. B(0) = 0 and φ0 = φ0(xµ) (for some µ)
For these conditions, Eqs.(50,51,52) reduce to
0 = 2∂α
(
A(0)Pα(1)
µν
)
+
1
2
ηµν
[
B(1) ηρρ (∂ρφ0)2 + 2V(1)
]
− B(1) ∂µφ0∂νφ0, (63)
0 = B(0)φ ηρρ (∂ρφ0)2 − 2V(0)φ , (64)
0 = 2B(1)φ0 + 2B(0)φ ηρρ∂ρφ0∂ρδφ− B(0)φ hρρ (∂ρφ0)2
+ B(1)φ ηρρ (∂ρφ0)2 − 2V(1)φ , (65)
where φ0 = η
ρρ∂2ρφ0. In what follows, we assume that
φ0 is non-constant, since in that case the model reduces
to the next case φ0 = const, analyzed in the next sub-
section.
Taking the derivative of Eq.(64) with respect to xρ, and
using the fact that C(1) = C(0)φ δφ for any C(φ), Eq.(65)
reduces to
0 = B(0)φ [2ηρρ∂ρδφ− hρρ∂ρφ0] . (66)
This leaves two possibilities, either B(0)φ = 0 or
2ηρρ∂ρδφ − hρρ∂ρφ0 = 0. In the former case, Eq.(63)
reduces to
0 = ∂α
(
A(0)Pα(1)
µν
)
. (67)
As discussed in the previous subsection, the solution for
the metric perturbation cannot be obtained in general
but its behaviour can be examined provided that the
coupling strength A can be expanded as STEGR with
a small correction.
In the remaining case, provided that the behaviour for
φ0 is known, this leads to the system
0 = 2∂α
(
A(0)Pα(1)
µν
)
+
[
2ηµνV(0)φ − B(0)φ ∂µφ0∂νφ0
]
δφ,
(68)
0 = 2ηρρ∂ρδφ− hρρ∂ρφ0, (69)
where the field equation in question was simplified using
Eq.(64). However, this case cannot be analytically solved
for both δφ and hµν , and hence will not be investigated
further. Nonetheless, we mention that if we assume that
B is Taylor expandable around φ = 0 as in the previ-
ous case, then this instance would not appear and the
previous case would follow.
C. φ0 = const.
For the constant case, Eqs.(50,51,52) simplify to
0 = 2∂α
(
A(0)Pα(1)
µν
)
+ ηµνV(1), (70)
0 = V(0)φ , (71)
0 = B(0)δφ− V(1)φ . (72)
As V(1) = V(0)φ δφ, Eq.(70) simplifies further to
0 = ∂α
(
A(0)Pα(1)
µν
)
. (73)
Furthermore, since φ0 is constant, every zeroth-order
quantity of functions of φ will be constant. Therefore,
since A(0) is constant, this simplifies the expression to
0 = A(0)G(1)µν . Since the A coupling has to be non-
zero (otherwise no STEGR contributions appear), this
reduces to the standard STEGR perturbation equation.
On the other hand, since V(1)φ = V(0)φφ δφ, Eq.(72) becomes
B(0)δφ− V(0)φφ δφ = 0, (74)
which yields a wave equation solution with effective mass
m2 =
V(0)φφ
B(0) . (75)
Therefore, the scalar field evolves independently of the
metric perturbations.
In summary, we can deduce that while the GW analysis
of this section contains three subcases, the main distinc-
tion comes from when the background value of the scalar
field is a constant. If it is, then the metric propagates
with two polarizations identical to GR with an indepen-
dent massive mode in the scalar field. This means that
we recover STEGR, while in the scenario where the back-
ground value of the scalar field is not constant, the scalar
field acts as a source term that attenuates the GW signa-
ture but does not produce any extra polarization modes.
V. GRAVITATIONAL WAVES IN f(Q,B)
GRAVITY
In this section we investigate GWs within the f(Q,B)
gravity context, which is a more general scenario than
f(Q) with a Lagrangian that depends both on the non-
metricity scalar and the boundary term that forms with
the Levi-Civita Ricci scalar as shown in Eq.(1). In
essence, this is a generalization of f(R) gravity in terms
of the order contributions to the Lagrangian.
A. f(Q,B) gravity
The action of f(Q,B) gravity naturally writes as
S =
1
16πG
∫
d4x
[√−gf(Q,B) + λ βµνα Rαβµν
+ λ µνα T
α
µν
]
+
∫
d4x
√−gLm, (76)
where Lm refers to any source contributions, and the
Lagrange multipliers are eliminated in the same way as
in Eq.(17) which is again solved by adopting the coinci-
dent gauge. This is interesting since besides being an-
other potential generalization of STEGR, it also offers
9an attractive alternative interpretation of the well stud-
ied f(R) modification of GR. This implies that despite
the plethora of work on the topic, f(Q,B) gravity of-
fers an alternative direction for a broader class of f(R)
equivalent theories of gravity.
Variation of the action with respect to the metric yields
the field equations
1
2
gµν [−f(Q,B) + fBB] + 2Pαµν∂α(fQ + fB)
+ fQ
[
2√−g∇α
(√−gPαµν)+ PµαβQ αβν − 2QαβµPαβν]
+DµDνfB − gµνDαDαfB = 8πGTµν , (77)
where∇µ is the STG covariant derivative, Dµ is the Levi-
Civita covariant derivative, and Pαµν is the superpoten-
tial defined in (12), which now becomes
Pαµν =
1
4
[
−Qαµν + 2Q α(µ ν) +Qαgµν
− Q˜αgµν − δα(µQν)
]
. (78)
Using the GR limit f(Q,B) → R = Q − B, we can
identify the Einstein tensor in the field equations and
write
1
2
gµν [−f(Q,B) + fQQ+ fBB]
+ fQGµν + 2Pαµν∂α(fQ + fB)
+ [DµDν − gµνDαDα] fB = 8πGTµν , (79)
where Gµν = Rµν − 12gµνR is the Einstein tensor calcu-
lated using Levi-Civita connection.
We can retrieve the field equation of f(R) gravity [10]
by taking the limit f(Q,B)→ f(R = Q−B), where we
have fB → −fR, fQ → fR and fBB → fRR, yielding
− 1
2
gµνf(R) + fRRµν
+ [gµνDαDα −DµDν ] fR = 8πGTµν , (80)
which agree with the f(R) gravity field equations as ex-
pected.
B. GWs in f(Q,B) gravity
We now proceed to the study of GWs within the con-
text of f(Q,B) theory. As before, we assume the co-
incident gauge where the connection vanishes [27]. As
a further coincidence, the field equations that emerge
in Eq.(77) are identical to those in the teleparallel case
under the symbolic change T → Q and superpotential
change, which was studied in Ref.[55]. Furthermore, the
Q and T scalars are both second-order quantities, thus
at first order only the boundary terms of the theories
will contribute. The foundations of these theories are
wholly distinct from each other but given their relation
to the Ricci scalar the above result is not completely un-
expected.
Consider the metric perturbation of Eq.(23). At first
order, only the field equations that contain the boundary
term will survive beyond the cosmological constant. This
can be related to the first order of the Ricci scalar using
Eq.(1), which gives
B(1) =
(
Dα(Qα − Q˜α)
)(1)
,
=∂α(η
βγ∂αhβγ − ηαβ∂γhβγ),
=hββ − ∂α∂βhαβ = −R(1). (81)
We assume a Taylor expansion of f(Q,B) around (0, 0),
so that the expansion of the Lagrangian takes the form
f(Q,B) =f(0, 0) + fQ(0, 0)Q+ fB(0, 0)B +
1
2
fQQ(0, 0)Q
2
+
1
2
fBB(0, 0)B
2 + fQBQB + · · · . (82)
We then consider a vacuum background where Tµν = 0
and writing the field equations up to first order as
ηµνf(0, 0) =0, (83)
fQ(0, 0)G(1)µν − fBB(0, 0)(∂µ∂ν − ηµν)R(1) =0, (84)
where we used the solution of the first equation f(0, 0) =
0 is used to simplify the second equation.
Taking the trace of Eq.(84) yields
−fQ(0, 0)R(1) + 3fBB(0, 0)R(1) = 0. (85)
We identify a Klein Gordon type equation ( −
m2)R(1) = 0, where the effective mass is given
m2 =
fQ(0, 0)
3fBB(0, 0)
. (86)
From Eq.(85), it is evident that a massive wave propa-
gates in the GW signature, but the wave is composed of
at most six polarizations and so no further information
can be extracted from this scalar wave equation. Given
that the Klein-Gordon equation does not operate directly
hµν but on R(1) = hββ − ∂α∂βhαβ , the massive mode
is actually an expression of the Ricci scalar and not the
underlying metric perturbation.
As already discussed in §.III A, we do not have the free-
dom to further set gauge conditions such as the Lorenz
gauge since we have already chosen the coincident gauge
for the connection, which permeates even at perturbative
level. This means that we must consider again an SVT
decomposition of the linearized equations. Structurally,
this is very similar to f(R) (see appendix D) so we would
expect to find breathing and even longitudinal modes in
f(Q,B), since f(R) ⊆ f(Q,B). In terms of hµν , the
linearized field equations for f(Q,B) turn out as
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1
2
(−hµν + gµν(−∂λ∂αhαλ +h) + ∂µ∂αhνα + ∂ν∂αhµα − ∂ν∂µh)
+
(
ηµν(∂β∂αh
αβ −2h)− ∂ν∂µ∂λ∂αhαλ + ∂ν∂µ∂λ∂λh
)
CB = 0, (87)
where fQ := fQ(0, 0) 6= 0, fBB := fBB(0, 0) 6= 0,
CB := fBB/fQ and h = hν
ν . It is important to note
that the Lagrangian limits to f(R) and not to GR due
to the restrictions on the values of the arbitrary func-
tion f , which stems from the fact that fBB is present.
The choice fQ → fR and fBB → 0 is the limit to f(R)
only, since a limit to GR would additionally require that
fB → 0.
In STG, the connection is changed from the Levi-
Civita to the disformation connection. However, this
framework still exists within the broader Riemannian ge-
ometry setting and so certain elements can be adopted
straightforwardly as in modifications of GR. One such
setup is that of a locally freely falling observer on a Rie-
mann manifold making measurements on an incoming
GW [48]. This analysis leads directly to the E(2) frame-
work which can consistently be utilized to determine the
polarization modes of incoming GWs. This approach is
introduced for convenience in appendix B. Here, we will
distinguish between an extra mode that propagates as
a null and almost null wave since the results differ for
either case.
In the null wave case, the only non-trivial components
from Eq.(87) are
Hmm¯ = − 12 h¨ℓℓ ⇒ Ψ2 = 0, (88)
Hnm¯ = Hnm = − 12 h¨ℓm¯ ⇒ Ψ3 = 0, (89)
Hnn = −CB
....
hℓℓ − h¨mm¯ ⇒ Φ22 6= 0. (90)
which is a result identical to the corresponding case for
f(R) theory, and is also consistent with the fact that
f(R) ⊆ f(Q,B).
In the case of an almost null wave, the norm of the
wave vector, lµ, gives
ηµν ℓ˜
µℓ˜ν = ε≪ 1, (91)
where ǫ is related to to change in the propagation speed.
We then obtain the following system of equations
Hnn = −CB
....
hℓℓ − hmm¯ + ε
(− 12hmm¯ + CB(− ....hℓℓ + 3 ....hℓn − 2 ....hmm¯) + hnn) (92)
Hnm¯ = Hmn = − 12hℓm¯ + 14ε(−hℓm¯ + 3hnm¯) (93)
Hmm¯ = − 12hℓℓ + ε(− 14hℓℓ − CB
....
hℓℓ +
3
2hℓn − 12hmm¯) (94)
Hℓn = ε(32CB
....
hℓℓ − hℓn + 32hmm¯) (95)
Hℓℓ = εhℓℓ (96)
Hℓm¯ = Hℓm = 34εhℓm¯ (97)
Hm¯m¯ = Hmm = 12εhm¯m¯ (98)
which are again identical to the corresponding one for
f(R), when the substituting CB ↔ CR is assumed.
Therefore, the polarization amplitudes are Ψ2 = 0,
Ψ3 = 0, Ψ4 = 0 but Φ22 6= 0. Just as in f(R), by
keeping terms of the form O(εhµν), which are practically
second order, we see that only the breathing scalar mode
survives. One outcome of this analysis is that the prop-
agating degrees of freedom of f(Q,B) should at least
match those of f(R).
The fact that we need to distinguish two cases for the
mass of the total GW has to do with the form of the dis-
persion relation of the total wave since both the null and
non null cases are potential solutions. It turns out that
there is a massive scalar propagating degree of freedom
in the class of f(Q,B) theories, which at first glance, can
be observed from Eq.(85). Although the effective mass
in Eq.(86) does not coincide with the (small) mass im-
posed by ηµν ℓ˜
µℓ˜ν = ε i.e the almost null wave. This
merely suggests that the total wave cannot be studied
just by using one dispersion relation but rather two of
them, one for the tensor wave ηµν ℓ˜
µℓ˜ν = ε ≡ 0 and one
for the massive scalar wave ηµν ℓ˜
µℓ˜ν = ε << 1. In this
sense, the theory itself cannot be classified as a whole
but rather component wise. Considering only the tensor
modes, f(Q,B) gravity appears as an N3 quasi-Lorentz
invariant class. On the other hand, considering only the
small masssive scalar part f(Q,B) gravity is of O1 quasi-
Lorentz invariant class. This hold translates identically
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for f(R) gravity.
VI. CONCLUSIONS
In this work we explored the possibility of GWs in
STG theories and their extensions, where gravitation is
expressed through nonmetricity rather than curvature or
torsion of the manifold connection. This form of grav-
ity can be constructed to be equivalent to GR at the
level of field equations through relation in Eq.(1), namely
STEGR. However, the boundary term, B, renders most
generalizations distinct from their GR analogue. Even at
the level of STEGR, there are a number of advantages
that STG offers, that do not appear in the Levi-Civita
connection form of the theory, such as a well-defined
energy-momentum tensor for the gravitational field.
We first investigated the GW signature of the general
irreducible setting of the STEGR scalar, Q, which rep-
resents a novel generalization that does not appear for
GR. This is interesting since it may offer a guide to why
STEGR (or GR) should at least form part of any mod-
ified theory of gravitational Lagrangian. In the general
linear case, we derived the linearized field equations in
Eq.(27), and then the dispersion relations for the scalar,
vector and tensor modes which all propagate at the speed
of light. However, extra polarization modes beyond the
two tensor modes of GR exist in certain setting (the full
classification is carried out in Ref.[49]).
Alternatively, modifying the STEGR Lagrangian itself,
analogous to the f(R) paradigm results in generally sec-
ond order field equations. In Eq.(42), we find that the
polarization modes turn out to be identical to those of
GR. This means that GW polarization tests cannot dis-
tinguish between GR and f(Q) theories of gravity, while
the linear irreducible form of STG theory does produce
distinct results that would emerge in GW observations.
Furthermore, we investigated the GWs in theories with
a nonminimal coupling between f(Q) and a scalar field,
where the perturbations were taken at the level of the
metric as well as the scalar field itself. While the GW
analysis contains three subcases, the conclusions depend
on whether background value of the scalar field is con-
stant. If this is constant then two polarization modes of
GR propagate in the metric and the scalar field forms
a massive mode that decouples from the two polariza-
tions of STEGR. This implies that the massive mode
evolves independently of the metric perturbations, and
as a consequence would in general propagate with a dif-
ferent speed. In the other case, the background value
of the scalar field is not constant, and effectively acts
as a source term that attenuates the two polarizations
of STEGR but does not produce any extra polarization
modes.
Finally, we analyzed the f(Q,B) gravitational modifi-
cation which is a further generalization of the analogous
f(R) theory, where the nonmetricity scalar Q embodies
the second order contribution and the boundary term B
the fourth order contributions. Thus, f(Q,B) gravity of-
fers a wider range of Lagrangians to be explored against
observations. In our treatment we adopt the E(2) frame-
work to investigate the polarization modes of the prop-
agating GW modes. We find that the two tensor modes
appear in exactly the same way as they do in GR, while
an extra scalar breathing mode which may appear as a
massive mode. In such cases the scalar mode does not
propagate at the speed of light.
In general, GW polarizations offer a way of constrain-
ing the strong field behavior of any theory of gravity.
This is helpful in constructing a realistic theory of grav-
ity. STG and its extensions offer a way for a paradigm
shift in our perspective of gravity.
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Appendix A: Scalar Vector Tensor (SVT)
Decomposition
The SVT decomposition of the metric perturbation
hµν assumes the following form
hµν = h
S
µν + h
V
µν + h
T
µν , (A1)
where
hSµν :=
( −2ϕ ∂iB
∂iB −2ψδij + ∂i∂jE
)
, (A2)
hVµν :=
(
0 Bi
Bi 2∂(iEj)
)
, (A3)
hTµν :=
(
0 0
0 2Eij
)
, (A4)
where Eij is symmetric, and Eijδ
ij = ∂iEij = 0. Here
ϕ, ψ,B, E embody the scalar degrees of freedom (DoFs),
Bi, Ei the vector DoFs, and Eij the tensor DoFs.
In a similar fashion, the perturbation of the energy-
momentum tensor can be divided as
δT ij = δpδij +Σij = p
(
δp
p
δij +Πij
)
, (A5)
Σij := δT ij − 1
3
δijδT pp, (A6)
12
Πij :=
Σij
p
=
1
p
(
δT ij − 1
3
δijδT pp
)
, (A7)
where δp ≡ δT ii is the perturbation of the pressure p, p is
the mean value of p, and Σij is the traceless and symmet-
ric tensor part of δT ij, called the anisotropic pressure.
In general, δT µν can be constructed from the scalar
perturbations δp, δρ, the 3-velocity vector and Πij . We
can further perform an SVT decomposition of Πij as
Πij = ΠijS +Π
ij
V +Π
ij
T , (A8)
ΠijS :=
(
∂i∂j − 1
3
δij∇2
)
σ, (A9)
ΠijV := −
1
2
(
Πi,j −Πj,i) . (A10)
δipΠ
ij,p
T = 0, (A11)
which is useful for the perturbation decomposition of the
individual theories.
Appendix B: E(2) Framework
We will follow the conventions and methods presented
in [48]. We assume a local Lorentz frame in which a plane
wave traveling in the Z−direction is described by the
function of retarted time u ≡ t−Z and a wave traveling
in the opposite−Z−direction is described by the function
of advanced time v ≡ t+Z. The functions u and v define
our Newman-Penrose (N-P) basis as follows
ℓµ := −u,µ, nµ :=1
2
v,µ, (B1)
which made local Fermi coordinates by also including the
normals mµ and mµ which comprises the full complex
null basis
ℓµ = (1, 0, 0, 0), nµ =
1
2
(1, 0, 0,−1), (B2)
mµ =
1√
2
(0, 1, i, 0), mµ =
1√
2
(0, 1,−i, 0). (B3)
Assuming a plane wave traveling in the Z−direction,
the perturbation of the metric is a function of the retarted
time hµν = hµν(u). In this setup, the only possible po-
larization amplitudes Ψ2,Ψ3,Ψ4,Φ22 can be expressed as
Ψ2 = − 16Rnℓnℓ +O(εR) = − 16Rnℓ +O(εR) = 112 h¨ℓℓ +O(εR),
Ψ3 = − 12Rnℓnm +O(εR) = − 12Rnm +O(εR) = 14 h¨ℓm +O(εR),
Ψ4 = −Rnmnm = −Rnmnm +O(εR) = 12 h¨mm +O(εR),
Φ22 = −Rnmnm˜ = − 12Rnn +O(εR) = 12 h¨mm +O(εR),
(B4)
which naturally are first order quantities.
Firstly, let us stress that in using the E(2) framework,
in principle, there are 3 ways of calculating the polariza-
tion amplitudes: directly calculating the Riemann ten-
sor, the Ricci tensor or the individual components of the
metric perturbation. These can be viewed as the respec-
tive equivalences positions in Eq.(B4). In our case, we
consider the individual components of the metric per-
turbation. To further clarify the situation, we will give
examples of GR and f(R) in appendixes C and D respec-
tively. In this setup, we will denote components of the
linearized field equations, on a Minkowski background,
by the symmetric tensor Hµν , i.e Hµν = 0.
Appendix C: Polarizations in GR
In GR, the field equations are given by Gµν = 0, in
vacuum, where Gµν is the Einstein tensor. Linearizing
these equations for a Minkowski background gives
Hµν ≡ δGµν . (C1)
Renaming and expressing in the N-P basis, the only non-
trivial components read as
Hmm¯ = − 12 h¨ℓℓ ⇒ Ψ2 = 0, (C2)
Hnm¯ = Hnm = − 12 h¨ℓm¯ ⇒ Ψ3 = 0, (C3)
Hnn = −h¨mm¯ ⇒ Φ22 = 0. (C4)
Notice that Ψ4 6= 0 is unconstrained, and that we have
imposed a null wave. If one used an almost null wave
instead, it would turn out that all the polarization am-
plitudes are zero, which means no wave at all. This is
expected since we already know that GR describes only
a massless spin 2 particle. When the Ricci tensor is used
to make this determination, the situation is degenerate
since δRµν = 0 irrespective of what happens with the
norm of the wave since in either case the only non trivial
polarization amplitude is Ψ4.
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Appendix D: Polarizations in f(R) Gravity
In the same way, we study the case of f(R), where the
background field equations, in vacuum, read as
fRRµν − 1
2
fgµν + [gµν−DµDν ] fR = 0, (D1)
which after linearizing give
Hµν ≡ δRµν − 12gµνδR+ CRRµνδR = 0, (D2)
where it is assumed that fR(0) 6= 0, CR :=
fRR(0)/fR(0), and again the calligraphic characters are
quantities related to the Levi-Civita connection. Ex-
panding all terms in hµν and projecting in the N-P ba-
sis (assuming a null wave), we obtain the following non-
trivial components for the linearized field equations
Hmm¯ = − 12 h¨ℓℓ ⇒ Ψ2 = 0, (D3)
Hnm¯ = Hnm = − 12 h¨ℓm¯ ⇒ Ψ3 = 0, (D4)
Hnn = −CR
....
hℓℓ − h¨mm¯ ⇒ Φ22 6= 0. (D5)
Notice that the only difference between GR and f(R)
lies in the h¨mm¯ component due to the presence of CR
....
hℓℓ
which is a pure f(R) term since it is fourth order and it
is also multiplied by CR. Therefore f(R) belongs to the
N3 class, if one assumes a null wave.
On the other hand, we also need to work through the
same analysis by considering an almost null wave, where
ηµν ℓ˜
µℓ˜ν = ε << 1, for f(R), since there is also a massive
scalar mode present
Hnn = −CR
....
hℓℓ − h¨mm¯ + ε
(
− 12 h¨mm¯ + CR
(− ....hℓℓ + 3 ....hℓn − 2 ....hmm¯)+ h¨nn), (D6)
Hnm¯ = Hmn = − 12 h¨ℓm¯ + ε(− 14 h¨ℓm¯ + 34 h¨nm¯ ), (D7)
Hmm¯ = − 12 h¨ℓℓ + ε(− 14 h¨ℓℓ − CR
....
hℓℓ +
3
2 h¨ℓn − 12 h¨mm¯), (D8)
Hℓn = ε
(
3
2CR
....
hℓℓ − h¨ℓn + 3
2
h¨mm¯
)
, (D9)
Hℓℓ = εh¨ℓℓ, (D10)
Hℓm¯ = Hℓm = 34εh¨ℓm , (D11)
Hm¯m¯ = Hmm = 12εh¨m¯m¯ (D12)
and having solved the system where the only nontrivial
polarization amplitude is Φ22 means that the theory now
belongs to the O1 class. This is a consistent result since
if the theory did not really entail a massive scalar mode,
then all the polarization amplitudes would be zero, just
as in GR above.
Alternatively, using the approach where only the Ricci
tensor is used in f(R), as it is done throughout the liter-
ature [58, 59, 66], one will find that the only non-trivial
components Hµν ≡ δRµν are
Hnn = − 16δR+ CδR ⇒ Φ22 6= 0, (D13)
Hmm¯ = 16δR ⇒ inconclusive. (D14)
This means that we cannot use the Ricci scalar to deter-
mine the GW polarization properties for f(Q,B). One
can immediately see that Ψ4 6= 0 since there is no con-
straint and also Φ22 6= 0 while the rest are trivial. This
is consistent with the previous results but apparently
Hmm¯ ≡ δRmm¯ 6= 0 is inconsistent and that’s why the
authors initially stated that the brute force method of
calculating the metric perturbation components is the
appropriate consistent approach.
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